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AIIltIract-For fiaite deformations of ptUIlIIar materiaII, a plasticity theory is developed .md1 accounts for
the IrUe s4m triWality, pressure sensitivity aud dBataacy. The elect of stress IriaxiaIity is iatnMIac:ed by
indudiDa thedlird deviatoric stress invariant in the yield fuiIction and the IIow potential. for illustration,
the IrUe triuiaI test on a C1IbieaI sample is analyzed in detail, the results are COIIIPINd with experimental
observations of true triuial tests on loose and dense samples of sand, aDd good correlation is obtained.

l. INTRODUCTION
The Coulomb failure criterion asserts that a granular mass remains rigid until the shear stress, ",
on any plane reaches a critical value,

(1.1)

where Co is the cohesive streqth, tT is the normal compressive stress acting on the plane, and. is
the aqle of friction. Once this critical value is reached, the granular mass is regarded to slip as two
rigid bodies along the plane which transmits the critical shear stress.

Mohr has generalized this hypothesis by stating that shear failure occurs along the plane on
which the shear and normal stresses are related by a specific relation,

1,,1 =/(tT). (1.2)

The function / is constructed experimentally by plotting Mohr's circles of stress for a series of
tests with dilerent confining pressures. The failure states then trace out a failure envelope in
the '" tT-plane. If the failure envelope is linear, the Mohr hypothesis reduces to the Coulomb
criterion. For a cohesionless granular material (co =0), the Mohr-Coulomb criterion can be
written in terms of the principal stresses, tTl ~ (122: (1) (compression is positive), as

(1.3)

It is apparent from this equation thai the shear streqth, as expressed by the angle of friction .,
is regarded to be independent of the intermediate principal stress, (12'

In many applications it is necessary to have knowledge of the deformation which precedes
failure. To this end Drucker and Prager(1) have developed a plasticity theory which utilizes the
Mohr-Coulomb criterion as a yield function and plastic potential. Kirkpatrick (2) has performed
a series of experiments to establish an experimental yield surface. He then has compared this
surface with the Mohr-Coulomb yield surface and pressure sensitive Tresca and von Mises
yield surfaces, and has found the Mohr-Coulomb surface to be the most compatible with
experimental observation. Since then the Mohr-Coulomb criterion has been generally employed
as the yield surface for plasticity theories cIescribiq grauular materials.

Experimental evidence, however, does not completely confirm the Mohr-Coulomb theory to
be the correct yield surface. The most common tests used to study the yielding of granular
materials are:

(1) Conventional triaxial compression test (tTl> tTz =tT), in which a cylinder with a lateral
confining pressure (11 =tT2 =(1) and axial pressure tTa =tTl is stressed to failure;

tPresent1Iddreu: PtodlIctioIl Operations, Researclt Dept" Shell Development Company, Belllllire Research Center, P.O.
Box 481, Houston, TX7700I, U.S.A.
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(2) Conventional triaxial extension test (0'1 = 0'2> 0'3), in which a cylinder with a lateral
confining pressure, 0'/ = 0'1 = 0'2, and axial pressure, 0'. = 0'3, is stressed to failure;

(3) Plane strain test, (O'( > 0'2> 0'3)'

Of the three tests only the compression test agrees with the predictions of the Mohr-Coulomb
theory which underestimates the results observed in the extension and plane strain tests.

The results from the plane strain tests indicate that there is a dependence of the shear
strength on the intermediate principal stress in contradiction to the Mohr-Coulomb theory.
Since in general practice the state of stress is usually triaxial, it is of fundamental interest to
know the shear strength characteristics over the whole range of 0'2, 0'1 ?: 0'2?: 0'3.

This problem has been approached by a number of experimentalists who have studied the
true triaxial states of stress by loading opposite faces of cubical samples with three unequal
principal stresses. Some of the more recent experimental investigations have been done by
Arthur et at. [3], Lade and Duncan[4], Reades and Green[5], and Sutherland and Mesdary[6].
The results of the true triaxial tests are usually presented by plotting the angie of friction as a
function of the dimensionless parameter, b = (0'2 - 0'3/0'1 - (3), which is a measure of stress
triaxiality and is limited to the range 0 s b s I. The value of b = 0 corresponds to the
conventional triaxial compression test, b = I corresponds to the conventional triaxial extension
test, and b is in the range 0.2 s b s 0.4 for the plane strain test. The results presented in [3-6]
are summarized in Fig. I. From this figure it is clear that the experimentalists agree· that the
shear strength should increase with increasing b, up to the plane strain value of b. However
above the plane strain value of b, there is no general agreement about how the strength should
vary. In particular there is disagreement about the sign of (dl/J/db) as b ..... l and about the
magnitude of the strength at b = l. There are of course many other investigators who should be
mentioned in relation to the results presented in Fig. l. The information given in thisfigure,
however, is representative of the type of results observed for values of b beyond the plane
strain values. The reader should refer to Green [7} for references to other triaxial tests.

It appears that the controversy over the test results can be attributed to the type of triaxial
apparatus employed. The need to independently apply three unequal principal stresses on a
cubical sample while maintaining a homogeneous deformation, presents considerable mechani­
cal difficulties. The previously mentioned experimentalists have utilized designs that load the
faces of the cubical sample with various combinations of pressurized membranes and rigid
platens. Each method of loading has its own disadvantages. The flexiblt membrane tends to
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Fig. 1. Variation of the angle of friction, tP. with b; Experimental results are from Arthur el al.13]. Lade

and Duncan(4), Reades and Green[5] and Sutherland and Mesdary(6).
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induce inhomogeneous deformations along the edges of the sample, while the friction from the
rigid platens creates shear stresses on the faces of the sample. Because of these problems there
are some doubts about the interpretation of the results.

In order to accurately describe the behavior of granular materials, it is necessary to allow
for the effects of inelastic volume changes, pressure sensitivity, and internal friction. Nemat­
Nasser and Shokooh[8] have proposed a plasticity theory with a non-associated ftow rule that
systematically modifies the usual Jrflow potential and yield function to include these effects.
Their theory which allows for finite deformations is a generalization of a number of recently
developed specialized plasticity theories and contains the essential features of critical state soil
mechanics. They have applied their theory to predict experimental results of conventional
triaxial tests of crushed granite and Ottawa sand with good correlation. However their theory is
only applicable to two-dimensional states of stress. By introducing the third invariant of the
stress deviator into the plastic potential and yield function, the results of Nemat-Nasser and
Shokooh can be generalized for application to three-dimensional states of stress.

Here the behavior of granular materials has been discussed from the point of view of the
Mohr-Coulomb failure (or yield) condition. There are, of course, other aspects of the mechani­
cal behavior of granular masses, which are not examined here; see, e.g. [9-33]. Representative
continuum theories based on concepts from classical plasticity such as yield surfaces, flow­
potentials, etc. are developed by Lade [16], Mr6z[20], Prevost[25], Romano[26}, Schofield and
Wroth[28], Vermeer[32] and Wilde[33]. Lade's [16] work includes nine parameters which can
be derived from the results of conventional triaxial compression tests. The theory of Schofield
and Wroth[28] describes plastic flow in terms of the critical states. The theory of Vermeer[32]
divides the plastic strain into two parts: one part is described by a shear yield surface with a
non-associated flow rule that includes Rowe's[27] stress dilatancy equation, and the other part
includes inelastic volume strains. Wilde [33] proposes a theory with an associated flow rule
based on extension of the usual Jrplasticity theory. More recently a micromechanical approach
has been proposed by Christoffersen et al.[lO] which yields the results of the double-sliding
flow theory of Spencer[30, 31] as a special case; see also Mehrabadi and Cowin[19]. A survey
of the basic development in this area has been given by Mr6z[34].

It should be kept in mind that the constitutive relations presented in this paper are not
restricted to granular media. The mechanical behavior of other materials such as rocks and
porous metals also exhibits inelastic volume changes, pressure sensitivity, and internal friction.
Berg's [35] work pertains to small plastic deformation of microporous metal aggregates, and
involves a pressure sensitive yield surface. Rudnicki and Rice [36] develop a theory to model
the behavior of brittle rock masses which includes dilatancy and pressure sensitivity. The
experimental results of Magi [37] on cubical samples of rock show results similar to those
observed in granular materials; for a discussion relating to high pressure and temperature, and
other effects pertinent to geophysical applications, see (38).

2. FORMULATION

For simplicity, a fixed rectangular Cartesian coordinate system with coordinate axes, Xi>

i =1,2,3, is used. The material is regarded rate independent, and therefore the time parameter
may be any convenient monotone quantity; this parameter is denoted by 8, and a superposed
dot indicates material rate of change with respect to 8. The velocity field is Vi, and Dii =
(1/2) (vlJ +vi.i) denotes the rate of deformation tensor, where a comma followed by an index
represents partial differentiation with respect to the corresponding coordinate. According to
Hill {39], Mandel[40, 41] and Nemat-Nasser[421, the rate of deformation obeys an exact additive
decomposition.

(2.1)

where superscript e denotes the contribution from the elastic deformation, and superscript p is
that from the plastic part.

For problems of interest here, the elastic strain rate may be related to a (properly invariant)
stress rate by means of a linear relation similar to Hooke's law. For example, with ~ij denoting
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the Jaumann rate of change of the Cauchy stress,

*uij ::::. Uij - Wi/cUkj - ~kUkl' j = 1,2,3,

it may be assumed that

(2.2)

*ulj
D~·

1'=2fJ-' (2.3)

where repeated indices are summed, prime denotes thedeviatoric part, fJ- is the shear modulus,
and I( is the bulk modulus; in (2.2), ~j::::' (l/2)(Vj.i - V.H) is the spin tensor. Of course an

*anisotropic relation of the form Vii = Djjk1Ukit where Dijk1 is the elastic compliance, may be more
appropriate. The plastic part of the deformation rate tensor is expressed in terms ofa flow
potential, g, as

(2.4)

where Uij is the total stress (the deviatoric part plus the spherical part), and ;\ is a scalar
function.

The yield function, I, and the plastic potential, g, are assumed to depend on the state of
stress including the hydrostatic pressure (or tension), on the total plastic volumetric strain,A,
measured with respect to a suitable reference state, and on the total distortional plastic work, g.
The effect of the distortional stress and the hydrostatic preSsure on the· yield function and the
flow potential is described by

where

1== J1I2[1 + c(11)] - F(1, Il, g) (yield function),

g == J112[1 + c(11)] + 0(1, Il, g) (flow potentia}),
(2.5)

I=rr.. ll=i8pODl!.d8tv", 0 P II ,
t: = i 8Po u'·-D1!· d8'
It 0 P 1/ 1/ '

(2.6)

for simplicity in notation, J is used for the commonly used J2, I for the commonly used If> and
superscript p on Il is deleted, although Il represents the plastic part of the volumetric strain
only. In (2.6), Po and p are the mass density in the reference and in the current states,
respectively. In applications where it is convenient to use the current configuration for
reference, one sets Po = P after the integration in (2.6)2.3 is performed. The termc in (2.5) is a
function of the dimensionless stress ratio 11. This function introduces the third stressinvatiant
J3 into the yield function and plastic potential, andean be viewed asa perturbation of the
equations proposed by Nemat-Nasser and Shokooh [8}.

If g is sUbstituted into (2.4), the plastic part of the deformation rate tensor results,

The scalar function ;\ is determined from the consistency conditioni =0, which yields

(2.8)
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where

Since

112 • 1 •••
(J ) =fjT72 uiJCTI/o 1= uu, and

(2.4) and (2.8) yield

SOl

(2.9)

(2.10)

(2.11)

These equations hold as long as the yield condition, f =JI12(1 +c) - F =0, is satisfied.
F'mally one may combine the plastic and elastic contributions to the total deformation rate

from (2.1l), (2.10), (2.3) and (2.1), to arrive at

where

L~ =-1;<8,.81 +8jt81l) + (91"- 6~)8~kI

+ k{A2Uillu~J + AJuiJ - (Ao - ~~)8iJ}

x {A2Uk..U~1 + A,uki - ( Ao + ~~)8k1J.

(2.12)

(2.13)

The inverse of (2.12) is

•uij=M~Du,
where

M;jId = p.(8kJ6/J + 8tj8/1) + (Ie - jP.) 8q&kI

[ (ac)2 KI aF]-'- H +p.(1 +d+ p.(4/3-9.,,2) - -9,,--a." a[ a[

x [2p.A2ujIlU~J +2p.A,uIJ - (2p.Ao - 3"~~)8ij]

x [2p.A2Uk..U~ +2p.Aluti - (2P.Ao +3"~~)8k1J.

(2.14)

(2.15)
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Equations (2.12H2.15) provide a complete set of constitutive relations for plastic materials in a
general state of stress, whose response involves plastic volume changes and large plastic defor­
mations, and that do not comply with the usual assumption of the associative flow rule.

In many experimental investigations of granular materials, the principal axes of stress and
strain rate are not observed to coincide. To include this effect, one may take the plastic rate of
deformation to be

(2.16)

(3.1)

The second term on the right does not contribute to the rate of plastic work. and allows
non-zero shear strain rates in the coordinate system coincident with the principal stress
directions. The coefficient a is a scalar function of stress. strain, and strain history. The
quantity l/a reduces to the secant modulus in the total deformation theory of Rudnicki and
Rice[36], but in general it need not be interpreted in that manner. In fact, in the application to
granular material behavior, a may even be negative. as in the double-sliding theory;
see[l9, 30, 31].

For c ::: 0, the equations of Nemat-Nasser and Shokooh[8] are easily recovered. The reader
is referred to Nemat-Nasser and Shokooh for comparison to other plasticity theories.

3. CONSTITUTIVE PARAMETERS
When discussing the constitutive parameters developed in the preceding section It IS

necessary to establish a sign convention. Following the common practice in soil mechanics,
compression and contraction are regarded positive and tension and extension negative,

From eqns (2.7H2.1I) it is apparent that as far as the plastic potential isconcerned,only
(00/0/) appears in the constitutive relations. The quantity (00/01) is calculated from (2.7),

aG p/2(l + c)
3-1 = '.np D~k'

a O'i~ij

Without loss in generality the function c is restricted so that (l + c) > O. Since the denominator
is always positive, the l.h.s. of (3.1) has the sign of D~. Hence (/JOIJ1) is a measure of the
instantaneous rate of plastic volumetric strain and is referred to as the "dilatancy factor".

By introducing the total effective plastic strain.

'V = i 9(2Df.·Df.·)112 d81

/ '1'1 'o
(3.2)

one can obtain a useful expression for (aOI (1) which gives a clear physical interpretation of the
dilatancy factor. First introduce

1 og
nij = - -;1",

r OO'ij

_ (iJg iJg )1/2
r- ---aUIJ iJCTij •

(3.3)

where nij represents a unit measure in the deviatoric subspace. collinear with DZ', Then obtain

p' - I P'I - irz' .E£..Dij - D ij nij - '2" I'r VUij

Substituting (3.4) into (3.1), it follows that

3aG::: f/2(l + c) DfJ.::: rV2 ~ = rV2 dv.
01 'Y I dg 'Y v v d 'Y

MUijoO'~j

(3.4)

(3.5)

Here v denotes the current volume. Hence (3/rV2)(oG/ol) is the rate of volumetric strain,
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('li/V), per unit rate of effective shear strain, y, and can be established experimentally. With the
aid of (2.6h, (3.5) is written in terms of the total plastic volume strain,

(3.6)

Based on the commonly accepted assumption that a monotone and continuous shearing of
cohesioDless granular material leads to a critical void ratio, ee, Nemat-Nasser and Shokooh[8)
develop an equation relating (aGlaI) to ee and the initial void ratio, to. Following their
reasoning one can establish a similar relation from (3.6),

3 i"'! ao d ' = I (I +eo)Vi 0 r aI y n 1+ ee ' (3.7)

which shows that there is a net amount of densification or dilatancy depending on whether
eo> t e (loose sand) or eo < t e (dense sand). Figure 2 sketches the variation of the void ratio, e,
with the strain, y. Curve 1 is for loose sand eo > eC1 for which t decreases monotonically with
increasing y, approaching t e asymptotically. In this case (aG/aI) remains positive (continuous
densification). Curve 2 of Fig. 2, on the other hand, is for dense sand, eo < ee' In this case
experiment shows that, similar to the case of loose sand, there is initial densification which is
however followed by dilatancy. Hence (aG/aI) is initially positive. but for dense sand, it
becomes zero at a certain y, and then is negative as y is increased, approaching zero
asymptotically. For this case there is always a net amount of dilatancy.

The yield function introduces three parameters, (aF/al), (aF/a~) and (aF/aA). The quantity
(aF/a/) represents the sensitivity of material hardening to hydrostatic pressure. In this sense it
represents the effect of internal friction on yielding of granular materials.

The work-hardening parameter, H, is seen to consist of two terms,

(3.8)

where

(3.9)

e

~ ---------------- --- ..

"Y

Fig. 2. Typical variation of the void ratio with effective strain for continuous monotonic shearing of a
granular material; Curve I is for loose and Curve 2 is for dense materials.
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First consider h. If one introduces the effective shear stress and the effective shear strain
increment as

(3.10)

then in a simple shear test the tangent to the shear stress-plastic strain curve is given by
h =(dTfdy). For proportional loading and when Po"" P, jlI2(aFl~) is the tangent modulus,
HiIl[43]. For simple shear, h reduces to h =(p,,/p)J 'f2(aE7at) since J3 =O. Hence the quantity h
measures work-hardening induced by plastic distortion.

The term h" on the other hand, corresponds to hardening (or softening) due. to volumetric
and pressure effects. For this reason one may refer to hi as the "density-hardening" parameter.
In loose sands, e.g., only the density-hardening parameter seems to be of importance. It is
observed that when h =0, then (aG/aI) =0 implies H =0 and D~k =O. Moreover granular
materials harden as they compact and soften as they dilate. Then from the sign convention it
follows that (aFl aA) > O. Thus when h =0, sign H =sign (aG/aI), where sign stands for the sign
function. It then follows that H > 0 implies D~ > 0 (densification) and H <0 implies D~k < 0
(dilation), when h =O. The critical state (aG/aI) =D~ =0 is defined when H =0; see SectionA.

The functions F and G are seen to generate four constitutive parameters with clear physical
interpretations, which account for inelastic volume changes, pressure sensitivity, and internal
friction. The generality of F and G provides flexibility in adjustngthe constitutive relations for
specific applications. In the next section some simple but physically reasonabl~ assumptions are
made about these parameters, which allow us to test the preceding equations against results
obtained in true triaxial tests of sand.

4. TRUE TRIAXIAL TEST
Again choose the sign convention of soil mechanics and let compression alld contra~tion be

positive, and tension and dilation negative. For the true triaxial test,

0'11 = 0'\ ~ 0'22 = 0'2 ~ 0'33 = 0'3> 0, O'ij =0 if i# j.

To describe the influence of the intermediate principal stress, introduce the stress ratio b,

Let the major stress difference be defined by

(4.1)

(4.2)

(4.3)

The components of the deviatoric stress tensor can now be written in terms of band q as
follows:

The invariants of the deviatoric stress tensor are

(4.5)

For simplicity, assume

(4.6)
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Here fJ is a scalar which depends on the state of stress. The measure of distortion stress
becomes

(4.7)

where K =A + fJ(B3/A2
). Hydrostatic pressure is measured by

Strain rate is measured by the distortion strain rate,

(4.8)

r~2 =A, (4.9)

and the volumetric strain rate,

Ii-=Dii •
V

(4.10)

In this and following sections it is assumed that the elastic part of the deformation rate is
negligible. For simplicity in notation, the superscript p on the plastic part of the deformation
rate is deleted.

The state of stress is uniquely defined by the scalars Kq and p. The coefficient K includes
the effect of the intermediate principal stress, and is plotted in Fig. 3 for various values of fJ.
The necessity of including J3 in the measure of distortional stress is apparent from the curve for
fJ = 0, which is symmetric with respect to b = 0.5. However each b in the range 0 < b < 1
defines a unique state of stress. Consequently each b should have a unique representation for
distortional stress (i.e. a unique K), and ]112 alone is not sufficient.

The scalar measures of stress and strain can now be used to calculate the rate of plastic
work. The rate of plastic work can then be compared with an approximation for the rate. of
energy dissipation due to friction to obtain an expression relating (8F781) and (80181).

Consider first the rate of distortional plastic work per unit current volume,

(4.11)

Use C(71) = P71 to obtain

(4.12)

This is plotted in Fig. 4 as a function of b for various values of p. The total rate of plastic work
per unit current volume is

. ..n (' 1 ... R) n K . Iiwp = O'il"'i/ = 0'i/ +30'W'iI Ui/ = f\J24-Y +pr;'

From the yield condition,

it follows that

(4.13)

(4.14)

(4.15)
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measures the change in resistance to ftow per unit change in pressure. The quantity (11 K)
introduces the effect of stress triaxiality, and (aFTap) is a material property which is related to
the coefficient of sliding friction. If (aFTap) is constant then the frictional shear stress is

(4.16)

However granular materials consist of discrete particles which transmit normal and shear
forces across the contact area!t of each particle. Within a unit volume there will be, say, N
points of active slip which give rise to the total effective plastic shear strain rate,

(4.17)

where i,i is the effective strain rate contributed by the ith slip system. Let T/ be the resistive
force at the ith slip. Then the rate of energy loss is

(4.18)

1.0.....------------------,

0.9

K

0.4

fJ--

0.3

0.2

0.1

0.2 0.4
b

0.6 0.8 1.0

Fig. 3. Variation of the parameter K with b, for indicated values of f3.
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b
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Fig. 4. Variation of the parameter r with b. for indicated values of p.

If (l/K)(8RDp)p is interpreted as the average frictional resistance, then (4.18) yields

. 1 aF ~./ I iF .
wf"'"--P~,,( =--p"(.K ap /_1 K 8p

(4.19)

(4.20)

For an ideal granular material consisting of rigid particles, the rate of friction loss must equal
the rate of plastic work. Equating (4.19) and (4.13) and employing (3.5) we find

3aG =: aG =: rV2 aF _ K51
al ap K ap p'

This result shows that the dilatancy factor is a quantity distinct from the friction factor and
demonstrates the need for a non-assoeiated flow rule for granular materials. Equation (4.20)
relates (aG/Dp) and (iRap) for the special case of an ideal granular material. If we set
M =(rV2/K!'XiRip), it then foUows from the definition of (aG!ip) that, M < (q/p) defines
dilation, M> (q/p) defines densiftcation, and M =(qJp) defines the critical state. These are the
same conditions, shown in Fig. 5, proposed by Schofield and Wroth[28) in their critical state
soil mechanics except that in the present case the Coefficient M depends on the intermediate
principal stress via the parameter b. It should be noted that a1thouah eqn (4.20) is based on a
simple approxim~tion for the rate of frictional loss, the parameter p can be adjusted so that the
result can have a wide range of applicability.

Finally substitute for i. in (2.7), multiply by O';i' and equate with (4.11) to obtain

(1+c) dJI/2 +JI/2dc _ aF dI =: H = 1 &. [3 aG aF +J1I2(1 + c) aF]. (4.21)
d"( d"( al d"( rY2 rY2 p al aA a~

Substituting for c, using (4.11) and (4.20), and rearranging we arrive at

Equations (4.22) and (3.6) are two coupled ordinary differential equations relating q, p and Aas
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q

q/p > M

q/p < M

P

Fig. 5. The critical curve in the q,p·plane for a cohesionless granular material.

functions of r. These two equations along witb the initial conditions q =0 and A=Oat 1'::;:; 0
describe the behavior of an ideal cobesionless granular material under a triaxial state of stress,
for monotone loading.

To compare these equations with experiments we choose the results of Lade and Duncan[4}
since they not only present stress and volume strain data, but also show a complete strain
history. It is now necessary to modify our equations to duplicate the testpto~W'es ofLade
and Duncan.

Their tests were performed for a particularbbyinitially consolidating the sample under a
hydrostatic pressure. The minor principal stress, (13, is held constant while the sample is
sheared to failure by increasing tT'). and tTl in such a manner tbat b remains constalll,Thus in
(4.22), (d.bIdr) = (dp/dr)::;:; O. For this loading procedure tbe bydrostatic pressure is

1
p =)<b + I)q +0'3' (4.23)

Thus (dp/dr) ::;:; (l/3)(b + l)(dq/dr) and eqn (4.22) becomes

[K-~b + l~]~::;:;..1rdl- 4~(r\l2!f._ K9.)+ of, (4.24)
3 iJp d1 rV2' 04 . K lJp P or

All results of Lade and Duncan arepreslmted as functions of Ell' Thus take Ell as the "time"
parameter, and apply the chain rule to (4.24) and (3.6) to obtain

[K-~b +l~lk dEli =..1rdl- 4#::(r\l2 of _ K9.) + o.Fdf:ll (4.25)
3 ap~1 doy rV2' ·84 K ap p. DEll dr'

The quantity (dEll/doy) is easily caleulated from (4.11),

dEll 3K
-a:y= ry'(2)D'

wbere

D::;:; (2- b) +(2b _l)dE
22_ (b + 1~€33.

dEll dEll

(4.26)

(4.27)
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Utilizing eqn (2.7), we find

509

(4.28)

These equations show that for a given b, (d€22/d€1I) and (d€33/d€1I) are functions of fJ and
(aG/ap). For the axially symmetric cases (i.e. b =0, b = l) two strains are always equal so that
only one of the above equations is independent. Thus for b =0 and b = I, the theory of
Nemat-Nasser and Shokooh[8] is sufficient to predict the strains with fJ = o. However for
O<b<l, (aG/ap) does not in general satisfy the equations in (4.28) simultaneously. An
additional parameter is required and hence fJ ~ 0 for 0 < b < l.

The constitutive parameters (aFT a!:.) and (aFTa'Y) measure the relative strengths of the
density-hardening (or -softening) and distortional hardening terms. Assume (aFT a!:.) =ap since
initial density-hardening depends on the initial consolidation pressure, and set (aFT a'Y) =
(aFTa€lI)(a€lI/a'Y) =(a€lI/a'Y)he-P-\\ since distortional hardening is a monotonically decreasing
function of strain. The quantities a and h are assumed to be constants which depend on b, and
p is arbitrarily chosen as p= 50. The friction factor, (aFT ap), is also assumed to be a different
constant for each b.

The true triaxial tests of Lade and Duncan[4] were performed on loose and dense samples
of Monterey No. 0 sand with initial void ratios of eo =0.78 and eo =0.57 respectively. Equation
(4.25) is normalized with respect to U3, and both coupled differential equations (4.25) depend on
the four parameters a, h, (aFTap) and fJ. The values of these parameters are fixed by comparison
with the observed stresses and strains at the peak strengths of the samples. However, due to the
basic differences in the behavior of loose and dense samples at the peak strength, different
assumptions should be made concerning the actual values of the parameters.

For dense sands it may be assumed that the sample is stable until the peak strength is
attained. As a consequence the strain measurements should be reasonably accurate. Measure­
ment of (d€n/d€lI) and (d€33/d€lI) at the peak strength along with (4.28) yields two simultaneous
equations for fJ and (aG/ap) at peak strength. Once fJ is determined, (4.20) is utilized to
calculate (aFTap). The quantities a and h are determined by matching the calculated peak
strength with the observed strength and requiring (dq/d€lI) = 0 at the peak strength. Here q
denotes the normalized shear stress, Q/U3.

Loose sand on the other hand is inherently unstable at stresses below the final strength.
Because the distortional hardening is negligible for loose sands, the critical state is approached
(i.e. (aG/ap)-+O) as the peak strength is approached, and the material behaves more like a
frictional fluid than a solid which can support shear stresses. For this reason, data for truly
loose sand are not readily obtainable, and, because of the inherently unstable response, an
initially loose sand may undergo large densification upon loading which then renders the sample
dense. In fact the observed volume strains for the loose samples in experiments by Lade and
Duncan[4] are similar to those of their dense samples (i.e. initial densification followed by
dilatancy, instead of monotonic densification). This indicates that the assumption of loose-sand
behavior may not be appropriate in comparing the theoretical predictions with these experi­
mental results. Notwithstanding this, we have made such a comparison in the following manner.
We assume that (8G/ap)=O at the observed peak strength and measure (d€n/dEII) and
(d€33/dfll) at the peak. These measurements along with eqns (4.28) provide two independent
equations for fJ· We choose fJ to be the average value of the two solutions. We assume h= 0
and choose a by matching the observed and calculated peak strengths. Note that this
assumption then precludes dilatancy in the theoretical results. Again (aFTap) is calculated from
(4.20).
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Once all parameters are determined, eqns (4.25) can be integrated simultaneously fOI qand
/1. After the stresses are calculated the strains are found by integration of (4.28). All calculated
quantities for both loose and dense sand are shown in Figs. 6-17 along with the data of Lade
and Duncan[4].

The calculated stresses show good agreement with the observed stresses at the peak
strength for both the loose and dense samples. However the initial slopes of all calculated
stress, strain-curves underestimate the initial strengths of the samples. This is a result of the
assumption that a (i.e. (lIp )(aRaA) is constant throughout the test. Since both loose and dense
samples of sand are observed to initially compact, a should initially increase and be a function
of /1. This would result in a higher initial slope for the stress, strain-curves. The calculated
strains also show good agreement with the observed strains at peak strength.

Since all parameters are chosen from data for stresses and strains at the peak strength, the
calculated void ratios are a direct result of the theory. As discussed above, comparison with the
volume data for loose sand is not considered appropriate due to material instability and the fact
that Ii = 0 is assumed. Consequently the poor agreement between the calculated and observed
void ratios of loose sand is expected; the calculated void ratios do show the behavior typical of
loose sand, i.e. no dilatancy. The calculated void ratios for dense sand do show good correlation
with the experimental data and lend support to the theory. Note further that the experimental
results for the loose sand can be matched much better than shown, if the loose sand is treated as
if it were a dense sand, i.e. by assuming that the distortional hardening is not zero (Iii: O).

The use of strain component as the independent parameter canh~ad to confusion in the
interpretation of the results when considering a series of tests covering the whole range of
0::5 b ::5 1. For example, fit represents the axial strain for b = 0 in Fig. 6 and the lateral strain
for b = I in Fig. 10. A more natural choice for the independent parameter would be y. This
choice yields a simple estimation for the plastic distortional work by calculating the area under
the q, y - curve. In Fig. 18, q is plotted as a function of y using the same parameters as those in
Figs. 6-10.

5. DISCUSSION OF RESULTS

The preceding results are obtained by introducing the quantities r andK into the con­
stitutive relations. The roles of rand K are best interpreted by considering the conventional
triaxial tests as limiting cases. The conventional triaxial tests define an axially symmetric state
of stress, and yield a simple expression for the plastic distortional work in terms of the principal
stress and strain differences. For the axially symmetric states of stress, Nemat-Nasser and
Shokooh [8] show that if the distortional stress is q = u\ - U3 and the distortional strain rate is
i = (2f3}(i lt - E33) = (lfY3).y, then the rate of distortional plastic work per unit current volume is
(piPo)~ =q i =(lfY3)q.y. However in a true triaxial state of stress, there are three principal
stress and strain differences, and it is not clear what the representative measure of distortional
stress and strain should be. By introducing c( T/) = (3(l3fJ3/2) into the plastic potential, it has
been shown in (4.11) that (piPo)~ = (Kf rV2)q.y. Here K q is the distortional stress and (.yf rV2)
is the conjugate distortional strain rate. When {3 = 0, K = (lfY3) and r = (lfY2) so that
(KJrV2)q.y reduces to the expression of plastic work for the axially symmetric state ofstress.
Here the parameters K and r can be interpreted as "correction" factors which adjust the
measures of distortional stress, q, and the distortional strain, y, to include the effect of the
intermediate principal stress. In this sense rand K generalize the axially symmetric state of
stress to a triaxial state of stress.

" The quantities K are r are functions of {3. The three quantities r, K, and. {3 are shown in
Figs. 19-21 as functions of b. A characteristic of these graphs is the discontinuity at b =O. At
first it may seem unreasonable that these discontinuities should exist, but they can be
understood by the following consideration. The connection of {3 and (iJGf iJp) with tbecorrect
predictions of strain has arready been discussed. For the dense sand the dilatancy factor at peak
strength, denoted by (iJOfiJp)cn is shown in Fig. 22. This figure shows (iJOfiJP)cr to be constant
and indicates that there may be a constant critical dilatancy factor associated with the peak
strength of a dense granular material. At peak strengths it is observed that (df22fdf\l) and
(dE33fdfll) change monotonically as functions of b (see Figs. 11 and 12). Since iJOf iJp )cr is
constant and {3 is fixed for each particular h, it follows that {3 should be monotonic. However,
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we have already chosen 13 == 0 for b == 0 and b == 1. Hence f3 should be discontinuous at an
endpoint of the interval 0:5 b :5 1. Similarly, any b in the interval 0 < b < 1 defines a unique
state of stress and it follows that K should be monotonic on that interval. On the other hand
K == (lfV3) has already been chosen for both b == 0 and b == 1. Hence K should also be
discontinuous at an endpoint of the interval 0:5 b :5 1. The quantity r is defined as the
magnitude of (ogloU'lj) and from eqn (4.12), it is seen that r is a function of p. Since f3 is
discontinuous we conclude that r should also be discontinuous. The discontinuities can occur
at either b == 0 (Le. U'2 == U'3) or at b == 1 (i.e. U'2 == U't). In the present case they appear at b == 0
due to our definition of b. Finally we note from Figs. 19,20, and 21, that the quantities r, K and
f3 depend on the state of stress and are independent of the initial void ratio.

The quantity (oFTop) is calculated from (4.20). Figure 23 shows that (aFTop) depends on the
initial void ratio and is constant on the interval 0 < b :5 1. Again a discontinuity is observed at
b == 0 and is justified by considering the axially symmetric states of stress. For the program of
loading in the series of tests, the hydrostatic pressure is given by p == (l/3)(b + 1)q + 0'3 which
implies (dq/dp) == 3/(b + 1). Thus the unit change in shear per unit change in pressure for b == 0
is twice as large as for b == 1. In (4.15) we define the change in resistance to flow per unit change
in pressure as (IIK)(oF7 ap). Since b == 0 and b == 1 yield the same K, the constitutive parameter
(aFT op) must be changed to allow for the different load paths followed in each test. In fact for
the tests on dense sand the calculated (on the basis of experimental results) value of (aFTap) for
b == 0 is exactly twice as large as that for b == I.
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Fig. II. En as a function of Ell for indicated values of b in true triaxial tests of Monterey No. 0 sand;
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A plasticity model for ftow of puuIar materials under triaxiaI stress states 517

Several quantities when plotted .as functions of b are found to be continuous on the interval
Os b s 1. These quantities have clear physical interpretations in cOntrast to the discontinuous
quantities which appear as a result of definition. Figure 24 shows the variation of (KJr) with b.
For a liven q and strain rate, y, this quantity measures the rate of plastic distortional work (see
eqn 4.11). This fi&ure shows the rate of plastic work to be a minimum for the axially symmetric
states of stress and a maximum near the plane strain value of b. The continuous quantity,
(l/K)(8F/8p), is shown in Fig. 25 and is a measure at the microscopic level, of the materials'
resistance to plastic flow (see eqn 4.15). The critical line, (q/p) =(rV2/J(l)(8F/8p), is found to
be linear for both loose and dense samples and is illustrated in Fig. 26. The quantities
(l/K)(8F/8p) and (rV2/J(l)(8F/8p) depend on (aF/8p) and as a result depend on the initial void
ratio, while (Klr) just depends on the state of stress.

5.1 Some basic observations
It is impossible to make any conclusions regarding the behavior of granular materials in

general on the basis of applying the theory to one set of experimental data. However the results
presented here suggest a simple method of predicting the shear strength of granular
materials. The method depends on the general validity of three conditions observed in F'1gS. 22,
23 and 26. These conditions are:

(1) There exists a critical value of the dilatancy factor at peak strength of the sample. For
loose sands, (aG/ ap)cr = 0, and for dense sands (aG/ ap )c, < O.
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(2) The quantity (aRap) (the overall friction coefficient) is constant on the interval 0 < b s
l.

(3) 1be quantity (rV2/K2)(iRap) is linear on the interval 0s II s l. If these conditions are
in general valid, then the shear strenath of a cohesionless granular material can be predicted for
any II from results obtained on tests for II =0 and II =I, i.e. from the cOlll1tlltiollaJ triaxial tests
in compression and in tension.

AssUlllilll that these conditions are in general true, the tests for II = 0 and b = 1 can be
performed to establish the linear dependence of (r'V2/K2)(aRal!) on b. The test for b =I also
determines (aFlap) and (aG/ap)cr. Since (rV2/K2)(aFlap) is known for any b, the expressions
for rand K alolll with the calculated value of (aRa,,) are substituted into (rV2/K2)(aFla,,) to
yield a fourth degree polynomial in f3. The proper solution of this polynomial is the value of f3
which yields positive and real values of rand K. Once f3 is determined, (4.20) is used to
calculate.the peak strength. It should be emphasized that this method depends on the validity of
conditions (1)-(3), and extensive tests need to be performed over a wide rallle of materials and
void ratios to test their general validity.

Finally the quantities a and Ii are normalized with respect to the values of a and Ii
calculated at b = 0 and are shown in Figs. 27 and 28. The quantity a is observed to have a peak
value for both loose and dense samples while Ii increases monotonically for dense sands. It
should be noted that a and Ii are in general functions of strain and these figures represent at
best the variation of (aRaA) and (aRa'Y) at peak strength.
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5.2 Additional comments
To describe a physical phenomenon, such as the deformation of a granular mass, it is

relatively easy to empirically establish equations with enough parameters which can fit any set
of data. Then the mathematical description of an observed phenomenon reduces to a process of
curve fitting. An indication that a theory is based on sound physical principles, rather than
empirical observation, is its dependence on a few parameters with clear physical inter­
pretations, and with enough ftexibility to cover a wide range of applications. The functions F
and G in the present theory provide this ftexibility, and lead to parameters with· physical
interpretations. In Section 4 we have shown that only four parameters are needed to adequately
describe all quantities of interest in the true triaxial test. We will now obtain solutions to (4.25),
independent of any quantitative comparison with experiments, and demonstrate thateqn (4.25)
contains qualitatively the features of a true triaxial test. To show this, solutions are obtained
based on the following simplifying assumptions:t

(1) (aRap) is constant for all b.
(2) (aR aEIl) = he -Poll. The quantities hand pare positive and constant for allb.
(3) (1-~) = 1. This assumption uncouples the differential equation and is reasonable for

small strain.
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Experimental data from Lade and Duncan[4].

tNote that these assumptions are introduced here to simplify the mathematics. They have not been used in the
preceding sections where comparison with actual experimental results has been presented.
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Fig. 26. Calculated values of (rV2IK2)(iJRiJp), based on experimental observation. for indicated true
triaxial tests performed by Lade and Duncan[4J on Monterey No. 0 sand.
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010.
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Fig. 21. Calculated values of tile IlOflJltJircd coellieient of the deDtity-lllrdenina parameter. (til..,). for
indicated true triaxial teslS perfOflllcd by UMIe aDd DluIcaa(4J OIJ , No. 0 1Uld; .., is tile value of tl

at " ..0; a.. .. 14 and 180 for dell$C aud lOose respecdveJy.
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tl/h. 3.0

1.0
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Fig. 28. Calculated values of the normalized coefticient of the distortional-hardening parameter, (1I1h,,), for
indicated true triaxial tests performed by Lade and Dunean[41on Mottterey No. 0 sand; lIo is the valueof h

at b ,. 0; h" :: 43G(dense sand).

(4) (dEn/dflJ) and (df11/dElJ) are constants which depend on b; the data of Lade and
Duncan[4] as well as the calculated stl"ains in Figs. 11, 12, 16 and 17 show this to be a good
approximation beyond 0.5% stl"ain. Thus from (4.26), (dE"ll/d'Y) is a constant which depends on
b. The experimental data and the calculated curves show (dEII/d'Y) to be anincreasingfunction
of b for a particular strain, and for the sake of illU$tration we arbitrarily assume (dfll/d'Y):::::
2.5b +5. It should be emphasized that this assumption is the only connection with experimental
observation in this subsection.

(5) (iJR iJa)::::: ap. This assumption permits directintegration of (4.25)1' The coefficient a is a
positive constant for all b.

(6) f3::::: 0.0. This assumption makes the differential equation independent of f3 and takes as
the measure of distortional stress JII'), for an b. Dependence of the equation onb· is maintained
through the. parameter·K, the hydrostatic pressure, and (dEII/d'Y).

(7) For the load path we assume 0'1 remains constant while 0'1 and 0'2 are increased in such a
manner that hremains constant.

Utilizing these assumptions, normalizing with respect to 0'3, and integrating, we find

where

(5.1)

rV2iJF
_ K'ij

CI - [K -~b+ 1)r\l2 iJF]'
3 K iJp

aD[K-¥b +l)r~2~F]
c'},:::::'l!

3K(K-~b +1~] .
3lJp

Solution (5.n contains qualitatively aU of the characteristics commonly observed in tbe
stress, strain-relation of cohesionless soils under monotone loading. For loose soils, the
hardening due to density ch~s is very dominant so that h can be taken as zero. In this case,
the solution increases monotonically and approaches from below the critical value, CJ, as shown
by Curve 1 of Fig. 29. In dense soils the distortional hardening plays a more important role and



Aplasticity model for low of aranvlar materials lIIlder triaxial stress states 529

we take h-F O. Differentiating (5.1) with respe<:t to 'II, one can find that the solution has a well
defined maximum. Hence in this case the solution increases, passes through the critical state,
reaches a maximum, and then decreases to approacb asymptotically from above the critical
value, Ct. This type of behavior is characteristic of dense soUs and is sbown by Curve 2 of Fig.
29.

Next we cboosefor illustration a=0.5, h=5.0, (aRIp)=0.4 and ;=5.0, and we calculate q(Ell).
The calculated angle of friction is shown in Fig. 30 as a function of b. The resulting sbear
strenatb is seen to be bigher than the strellgths normally observed in sands, because of the
arbitrary values assigned to the parameters. However there is qualitative agreement with some
of the results presented in Fig. 1.

q

a;

Ell

PII. 29. TypK:aI variation of the normaJircd difereatial stress. tiff3. with strain. Ell; Curve 1 is for loose
and Curve 2 is for dense samples.

60

50

1__--'-,__..........1__--'-'__--L.I__.....1

0.2 0.4 b 0.6 0.8 1.0

FiB. 30. Calculated alllle of friction. f. as a fUDCtion of 6; obtained from idealized as..ptions for
constitutive parameters.
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Fig. 31. Critical curves in the q, p-plane for true triaxial tests.

6. CONCLUDING REMARK

The preceding analysis develops a plasticity theory which includes the effects of pressure
sensitivity, inelastic volume change, and internal friction for a general three-dimensional state
of stress. Because of these effects the mechanical description of the behavior of granular
materials is quite complex, and soil mechanics has traditionally simplified matters by presenting
theories for two-dimensional states of stress which can easily be visualized and interpreted in
the q, p-plane. The theory presented here follows this tradition since all results can also be
presented in the q, p-plane. The important difference that separates this theory from others is
that it allows for three-dimensional states of stress through the parameters rand K. Critical
state soil mechanics, for example, defines a critical state in the q, p-plane which is valid for
axially symmetric states of stress. Our theory, however, defines the critical state as (qJp) =
(rv'2/K2)(aF7ap) and if the results of Fig. 26 are plotted in the q, p-plane then We obtain a
"wedge" of critical states. The wedge is bounded by the critical states for b =0 and b =1and any
line within the wedge defines the critical state for a particular U2 in the interval Ul > U2> U3;

see Fig. 31.
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